Vacuum fluctuations are one of the most distinctive aspects of quantum optics, being the trigger of multiple nonclassical phenomena. Thus, platforms like resonant cavities and photonic crystals that enable the inhibition and manipulation of vacuum fluctuations have been key to our ability to control light-matter interactions (e.g., the decay of quantum emitters). Here, we theoretically demonstrate that vacuum fluctuations may be naturally inhibited within bodies immersed in epsilon-and-mu-near-zero (EMNZ) media, while they can also be selectively excited via bound eigenmodes. Therefore, zero-index structures are proposed as an alternative platform to manipulate the decay of quantum emitters, possibly leading to the exploration of qualitatively different dynamics. For example, a direct modulation of the vacuum Rabi frequency is obtained by deforming the EMNZ region without detuning a bound eigenmode. Ideas for the possible implementation of these concepts using synthetic implementations based on structural dispersion are also proposed.
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metamaterial | quantum optics | near-zero refractive index | ENZ | vacuum fluctuation V acuum fluctuations, the fluctuations of a quantized field on its vacuum state around its zero average (1) , are considered one of the most distinctive (1-3) and disputed (4) aspects of quantum optics and quantum field theory. Although direct measurements of vacuum fluctuations have only been proposed very recently (5) , they are the attributed source of numerous nonclassical phenomena, including, for instance, spontaneous emission (6), Lamb shift (7), Casimir forces (8), molecular energy transfer (9) , quantum friction (10) , as well as several vacuum amplification effects (3) . It is also a well-established fact that macroscopic bodies modify the structure of electromagnetic fields, opening up the possibility of engineering all aforementioned effects (6, 11) . For example, because quantum fields fluctuate in a space empty of matter, we could ask what should be the matter filling the space to first inhibit and then selectively engineer vacuum fluctuations (Fig.  1A) . Traditional answers to this question have appeared in the form of photonics crystals (PCs) (12) (13) (14) (15) and closed cavities (16) (17) (18) , leading to formidable advances in the ability to control light-matter interactions. In essence, the geometry of periodic structures and resonators can be engineered in such a way so that they do not support eigenmodes on a given frequency range. Here, we demonstrate theoretically that epsilon-mu-near-zero (EMNZ) media (19) , also known as matched zero-index (ZI) media (20) , that is, a medium with simultaneously zero permittivity and permeability, behaves as a natural inhibitor of vacuum fluctuations. Thus, we propose ZI structures as an alternative platform to manipulate spontaneous emission, and other related effects, possibly leading to the exploration of qualitatively different decay dynamics.
Note than one could conceivably approach this problem by using a canonical quantization procedure (1) . In this manner, we could consider a space filled with a substance of refractive index n, and carry out the conventional quantization approach based on a cubic cavity of side L (1). In doing so, it is evident that the density of states obtained in the L → ∞ limit, ρðωÞ = n 3 ðω 2 =π 2 c 3 Þ, would be completely depleted in media with a zero-refractive index n → 0. This analysis presents an interesting perspective, in which ZI media can be considered somewhat analogous to PCs materials and closed cavities in as far as they deplete the space of electromagnetic modes. However, despite providing a nice intuition, this model does not capture the necessary dispersive properties of ZI media (19) . Moreover, it also fails to account for the interaction of a small quantum system [e.g., a quantum emitter (QE) such as an atom or a quantum dot] and macroscopic media, because the QE must be insulated from the background macroscopic bodies to produce a consistent result (21, 22) . However, this preliminary consideration identifies ZI media as a potential candidate to inhibit vacuum fluctuations and spontaneous emission.
Macroscopic Quantum Electrodynamics
Therefore, to elucidate the main features of vacuum fluctuations in the presence of ZI media, as well as their interaction with QEs, we describe the system by using the known macroscopic quantum electrodynamics tools developed for the analysis of dispersive media (6, 23) . For the sake of simplicity, we assume that the space is filled with an inhomogeneous medium characterized by relative permittivity, eðr, ωÞ = e R ðr, ωÞ + i e I ðr, ωÞ, and relative permeability, μðr, ωÞ = μ R ðr, ωÞ + i μ I ðr, ωÞ. Under this framework, the excitations of the EM fields-matter system are represented by a continuum of harmonic oscillators with associated polaritonic operatorsf q ðr, ωÞ (q = e, m). The Hamiltonian of this matter-field system isĤ = P 
Vacuum Fluctuations
It can be readily checked from the above formalism that the expectation value of the electric field on its vacuum state is zero h0 Ê ðr, tÞ 0i = 0. However, the expectation value of the field intensity operator is nonzero h0 Ê ðr, tÞ ·Êðr, tÞ 0i ≠ 0, leading to the so-called vacuum fluctuations (1) . Specifically, it can be demonstrated by using properties of the Green function Gðr, r′, ωÞ that vacuum fluctuations in the presence of macroscopic media can be compactly written as h0 Ê ðr, tÞ ·Êðr, tÞ 0i = R dω Sðr, ωÞ, with Sðr, ωÞ = ðZμ 0 =πÞω 2 TrfIm Gðr, r, ωÞg being defined as the spectral density of vacuum (electric field) fluctuations. For example, in free space, we have a uniform distribution Sðr, ωÞ → S 0 ðr, ωÞ = ðZμ 0 =2π 2 cÞ ω 3 . However, Sðr, ωÞ can be engineered by using macroscopic media, and next we find that Sðr, ωÞ → 0 within bodies of arbitrary geometry immersed within an EMNZ body of arbitrary geometry. This effect can be demonstrated by noting that Im G uu ðr′, r′, ωÞ is proportional to the time-averaged power supplied by a classical current moment JðrÞ =û Idlδðr − r′Þ located at r′, oriented alongû, and oscillating at frequency ω:
Im G uu ðr′, r′, ωÞ (24). In addition, it follows from Poynting's theorem that, for vanishingly small losses, P sup equals the power radiated outside the EMNZ body by this classical source (24) . Furthermore, we note that EMNZ forms the so-called a DB boundary (25) , that is, because D = 0 and B = 0 within the EMNZ body, then the normal components of the E and H must vanish in the external surface of the EMNZ body to satisfy the continuity ofn · D andn · B across the interface. However, it can be proven (26) that fields outside the EMNZ body are uniquely determined by the normal components of the E and H. Therefore, this is sufficient to prove that, if a classical dipole is located within a body immersed in a finitesize EMNZ region, then the fields excited in the unbounded region outside to the finite EMNZ region are zero. Consequently, the power supplied by the classical source in the lossless limit is zero, and hence Im G uu ðr′, r′, ωÞ → 0 ∀u, and Sðr, ωÞ = 0. In conclusion, the spectral density of vacuum (electric field) fluctuations within bodies immersed in an ideal EMNZ host is zero.
This effect can be appreciated in Fig. 1B , which depicts the numerical prediction for Sðr, ωÞ, normalized to its free-space counterpart S 0 ðr, ωÞ, in the presence of an EMNZ shell. For the sake of simplicity in the numerical calculations, we consider a spherical shell with internal and external radii r 1 = 0.2λ and r 2 = 0.3λ, respectively. For comparison, Fig. 2B also depicts Sðr, ωÞ for an epsilon-near-zero (ENZ) [i.e., μðωÞ = 1, «ðωÞ ≈ 0] and a dielectric [i.e., μðωÞ = 1, «ðωÞ = 4] shells of the same geometrical characteristics. It is clear that both shells also perturb Sðr, ωÞ, but they do not suppress it in their whole internal regions. However, it is worth noting that the ENZ shell does suppress Sðr, ωÞ at the center of the system. This effect is associated the excitation of a nonradiating mode exhibiting a spatially electrostatic distribution (with zero magnetic field) in the ENZ shell (27) . Furthermore, this example reveals that, even if only nonmagnetic (μ = 1) materials are available, media with near-zero parameters can still suppress vacuum fluctuations in some specific configurations.
We note that the Green function can be written as the sum of two parts, Gðr, r, ωÞ = G 0 ðr, r, ωÞ + G scat ðr, r, ωÞ, corresponding to the free-space Green function [i.e., the Green function corresponding to a space empty of matter Im G 0 ðr, r, ωÞ = I ω=ð6πcÞ], and a scattering part G scat ðr, r, ωÞ (i.e., the part that takes into account the scattering of the free-space fields by the background media) (21) . Under this perspective, the mechanism of the EMNZ body is similar to a scattering cancellation cloak (28) . That is to say, a given region of space is covered with the appropriate material to obtain a cancellation condition TrfImG scat ðr, r, ωÞg = −TrfImG 0 ðr, r, ωÞg. In this manner, the EMNZ region could also be intuitively understood as a vacuum fluctuation "cloak" at a given frequency.
Several realizations of EMNZ media have been proposed in the form of all-dielectric metamaterials (29, 30) , photonic crystals (31, 32) , and waveguides (33) . Naturally, practical implementations of EMNZ media are necessarily dispersive (19) . Therefore, just like scattering cancellation cloaks, a passive vacuum-fluctuation cloak would only be able to reduce Sðr, ωÞ for a finite bandwidth (34, 35) . However, as shown in the next section, this is sufficient to provide additional degrees of freedom in engineering relatively narrow band vacuum-fluctuation-assisted effects, for example, spontaneous emission. Furthermore, and also in analogy with advances in scattering cancellation cloaks (36) , the bandwidth over which the vacuum fluctuations are reduced could be expanded by using active macroscopic media.
Decay Dynamics via Spontaneous Emission
We illustrate the applicability of EMNZ and ENZ shells as an alternative platform to engineer the decay dynamics of an initially excited QE (Fig. 2A) . The QE is modeled as a two-level system fjei, jgig with transition dipole moment d = hejdjgi, and transition frequency ω 0 . Thus, the QE and interaction Hamiltonians are given byĤ QE = Zω 0σ †σ andĤ I = R dω½−d ·Êðr, ωÞσ † + h. c. , respectively, withσ = jgihej. We assume that the QE is positioned at the center of a shell of internal and external radii r 1 and r 2 , respectively. We show that the response of EMNZ and ENZ shells for this configuration is identical (SI Methods, Spectral Density Within EMNZ and ENZ Spherical Shells), and we simply consider an ENZ shell with relative permittivity e 2 ðωÞ = 1 − ω 2 p =ðωðω + iω c ÞÞ with ω p ≈ ω 0 (Inset of Fig. 2B) .
Assuming a single excitation, the state of the system is jψðtÞi = C e ðtÞe −iω0t jeij0i + R dω R d 3 r C 1 ðr, ω, tÞe −iωt jgi 1 r,ω i, and the probability of occupation of the excited state P e ðtÞ = jC e ðtÞj 2 is found refs. 6 and 37 from the solution to the following: ∂ t C e ðtÞ = − R t 0 dτ Kðt − τÞC e ðτÞ. Here, the memory kernel KðtÞ = R dω gðωÞe iðω0−ωÞt is determined by the so-called spectral density gðωÞ = ðω 2 =πZe 0 c 2 Þd · ImGð0,0, ωÞ · d, which is proportional to the density of vacuum fluctuations at the position of the QE and for the polarization of its electric dipole transition. In this canonical core-shell geometry, the spectral density at the plasma frequency is identical for EMNZ and ENZ shells, and it can be written as follows (SI Methods
Eq. 1 ratifies that gðω p Þ vanishes as ω c → 0, independently of the external radii r 2 and the properties of the space external to the shell. Thus, the QE decouples from the vacuum field and the dynamics of the system converge to an exponential decay P e ðtÞ = expð−ΓtÞ with vanishing decay rate Γ = 2π gðω p Þ → 0 (note that the ENZ shell will induce a Lamb shift, which here we consider included in ω 0 ). In other words, the spontaneous emission is inhibited due to the influence of ENZ or EMNZ shells. At the same time, it is clear from Eq. 1 that gðω p Þ diverges at the zeros of the Bessel functionĴ 1 ðk 0 r 1 Þ = 0, corresponding to the excitation of bound eigenmodes with spatially electrostatic field distributions studied in refs. 27, 39, and 40. In fact, we find that the spectral density for this resonant internal radius asymptotically converges to a Lorentzian line given by the following (SI Methods, Spectral Density Within EMNZ and ENZ Spherical Shells):
with oscillator strength,
and linewidth,
whereĴ 1 ′ðxÞ ≡ ∂ xĴ1 ′ðxÞ. In addition, f g∞ = lim r2→∞ f g and γ ∞ = lim r2→∞ γ are the asymptotic values of the oscillator strength and linewidth in the large shell limit, r 2 → ∞. Explicit expressions of f g∞ and γ ∞ are reported in SI Methods, Spectral Density Within EMNZ and ENZ Spherical Shells, although they can be roughly approximated by γ ∞ ∼ ω c =3 and f g∞ ∼ πc=ω c r 1 . The validity of this asymptotic limit is checked in Fig. S1 . Note that the interaction of a QE with a Lorentzian line has a well-known solution (6) , which results in the excitation of non-Markovian reversible processes in the form of Rabi oscillations, P e ðtÞ = expð−ΓtÞcos 2 ðΩt=2Þ, with frequency Ω = 2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi g 0 ðω p Þf g γ p . Therefore, we conclude that, on the one hand, EMNZ and ENZ shells enable the suppression of spectral density and consequent inhibition of spontaneous emission, whereas, on the other hand, they also enable the controlled excitation of bound eigenmodes, and thus the potential triggering of reversible decay dynamics. Both effects can be clearly appreciated in Fig. 2 B and C, which represent, respectively, the normalized spectral density and the time evolution of the probability of occupation of the excited state, P e ðtÞ, for a shell with external radius r 2 = λ p , and for examples of nonresonant r 1 = 0.3λ p and resonant r 1 = 0.715λ p internal radii. For illustrative purposes, we set ω c = 10 −4 ω p so that the resonance exhibits a linewidth on the same order of magnitude than those observed in the synthetic implementations presented later in Fig. 4 . We also select the transition dipole moment such that Ω = 2π 10 γ, that is, so that we can clearly view and appreciate reversible dynamics with 10 oscillations before the probability of occupation decays to expð−1Þ ∼ 0.37. The figures confirm that gðω p Þ and the spontaneous emission are suppressed for the nonresonant radius, r 1 = 0.3λ p , whereas a resonant line and Rabi oscillations are observed for the resonant radius r 1 = 0.715λ p .
In a way, the inhibition of spontaneous emission and subsequent excitation of bound eigenmodes in EMNZ and ENZ shells could be considered somewhat analogous to the response of photonic band gap and defect cavity modes in PCs, and/or single-mode closed cavities. However, by contrast with PCs and closed cavities, the EMNZ and ENZ shells can be of any size and shape (39) , and it is also accessible from the outside by using nonlinear media (41) . On top of that, we now demonstrate that it also provides additional degrees of freedom in tuning and engineering the decay dynamics that are essentially different from those of conventional cavities and PCs. To this end, we note that one remarkable property of the eigenmodes excited in EMNZ and ENZ shells is that their eigenfrequency is invariant with respect to geometrical transformations of the external boundary of the shell (39) . This is in fact reflected in Eq. 2, because the resonant frequency of the Lorentzian line equals ω p independently of r 2 . Next, we note from Eqs. 2-4 that compressing the shell from an infinite size (r 2 → ∞) to an infinitesimal thickness (r 2 → r 1 ), shifts the vacuum Rabi frequency from
This effect is quite different from the behavior of conventional cavities. In fact, the resonance frequency of a conventional cavity is shifted by changing its size. Here, by contrast, we find that it is the vacuum Rabi frequency associated to a bound eigenmode (with fixed eigenfrequency) that changes as a function of the shell size (not the resonance frequency of the cavity). This effect is illustrated in Fig. 3A , which depicts time evolution of the probability of occupation of the excited state P e ðtÞ for ideally lossless ENZ shells with resonant internal radius r 1 = 0.715λ p and for different external radii. Therefore, in the same wave that perturbing a conventional cavity allow us to finely tune the resonance frequency (as it is done, for example, by introducing a screw in microwave cavities), we find that deforming a zero-index cavity enables us to finely tune the vacuum Rabi frequency without detuning the eigenfrequency of the cavity. Naturally, in the presence of losses, there is a nonzero resonance linewidth that would increase from γ ∞ ∼ ω c =3 to γ ∞ ∼ ω c =2 when compressing the cavity. This effect can be appreciated in Fig. 3B , which depicts the spectral density gðωÞ normalized to its peak value in the large shell limit g ∞ ðω p Þ = lim r2→∞ gðω p Þ, for losses ω c = 10 −4 ω p . Consequently, the oscillations in P e ðtÞ will be exponentially damped as it can be appreciated in Fig. 3C . This is an example of the qualitatively different physics that could be observed using ZI shells as an alternative platform for manipulating light-matter interactions. Moreover, we emphasize that the same effect would appear in ENZ shells with an arbitrarily shaped external boundary (see Fig. S2 for the analysis of a cubic cavity with "screw-like" deformations). It is also worth remarking that this effect is essentially different from detuning in conventional cavities, which decreases the strength of the oscillations as shown in Fig. S3 . We anticipate that many other unique phenomena might emerge in more advanced configurations including complex QEs (e.g., multilevel or higher-order transitions), multimode cavities, more complex photonic states, systems driven by an external source, opto-and acoustomechanical systems, etc.
Synthetic Implementations
The losses of naturally available ENZ materials might be too high to observe the effects predicted in Figs. 2 and 3 . On the bright side, research on exotic phenomena excited in complex media is often transferred into the development of synthetic implementations of those effects that otherwise might have not been possible. Following this line of thought, we now demonstrate that decay dynamics identical to those induced by an ENZ shell can be excited in suitably designed cylindrical core-shell microwave resonators. We expect that this will facilitate the experimental validation of our theoretical results. The geometry of the proposed resonator is schematically depicted in Fig. 4A . It consists of a core-shell cylindrical resonator of internal and external radii r 1 and r 2 , respectively. Furthermore, the substance filling the core and shell regions are assumed to be characterized by relative permittivity « 1 = 10 and « 2 = 1, respectively. We assume that this closed resonator is bounded by copper walls with finite conductivity (24) σ = 5. 7 10 7 S=m, although much higher quality factors could be easily obtained with superconducting cavities (42, 43) .
Following other synthetic implementations of zero-index media in parallel-plate waveguides (33, 44) , the height of the resonator is set to h = 0.5λ 0 . However, here we study the TE 11e and TM 11o modes (38) , whose explicit expressions for the field distribution are reported in SI Methods, Cylindrical Core-Shell Resonator. Although the field expressions are involved, the response of the system is simple: in the h → 0.5λ 0 limit, the transversal propagation constant, β 2 = ðω 2 =c 2 Þ − ðπ= hÞ 2 , vanishes in the air-filled region. Then, the TE 11e and TM 11o modes collapse in the (« 2 = 1Þ shell region into a single mode, whose field distribution in the middle plane (z = h=2) is identical to that excited by a 2D electrostatic dipole. In turn, the degeneracy in the shell provides the necessary degrees of freedom to ensure that, if we set the internal radius such that J 1 ðβ 1 r 1 Þ = 0, then the resonator supports a hybrid TE 11e -TM 11o eigenmode independently of the external radius r 2 . This effect is clearly analogous to the localized mode excited in the spherical ENZ shell, which appears for J 1 ðk 0 r 1 Þ = 0 (Eq. 1), independently of its external radius r 2 , and also exhibiting a spatially electrostatic field distribution.
To numerically test this effect, the core radius is set to satisfy J 1 ðβ 1 r 1 Þ = 0 (r 1 ∼ 0.2λ 0 ), and the external radius is compressed from 1λ 0 to 0.25 λ 0 . The computed eigenfrequencies and quality factors, depicted in Fig. 4B , reveal that the resonance frequency only shifts a 0.01% when compressing the external boundary. On the contrary, the quality factor Q changes from 34,105 to 8,517. Then, if a QE is placed at the center of the resonator, it would mostly couple to this resonant mode, leading to dynamics as a function of the external radius similar to those depicted in Fig. 3 . This effect is confirmed by computing gðωÞ for three different external radii r 2 = 0.3λ 0 , 0.4λ 0 , and 0.5λ 0 (Fig. 4C) . As expected, gðωÞ is characterized by a clear resonant line. In analogy with Fig. 3B , it is found that compressing the cavity from r 2 = 0.5λ 0 to r 2 = 0.3λ 0 reduces the peak of gðωÞ to a 24% of its original value without a significant detuning. In fact, the residual detuning, smaller than the linewidth, might be attributed to numerical precision. To complete the description, the electric and magnetic field magnitude distributions in the middle plane (z = h=2) and at the peaks of gðωÞ are reported in Fig. 4D . It is clear from the figure that field distribution in the shell region does indeed feature a spatially electrostatic (but temporally dynamic) field distribution in the middle plane.
We emphasize that, although we have studied the response of a closed core-shell cylindrical cavity, the same design strategy could be applied to a variety of configurations. In fact, the proposed resonator is very robust against deformations of the external boundary, and hence cylindrical resonators with arbitrary cross-sections could be used in practice (Fig. S4) . Moreover, open systems with similar characteristics can be designed by using patterned surfaces that enforce the appropriate boundary conditions (45) (Fig. S5) .
Therefore, our results suggest that the proposed theoretical concepts could be experimentally validated in a number of microwave resonators. For instance, these resonators could be integrated into traditional setups for experiments of Rydberg atoms interacting with microwave photons in superconducting cavities (18) . Also at microwave frequencies, most recent advances in research of vacuum fluctuations have been carried out in waveguide-based superconducting circuits (3). Thus, a promising line of research might be to redesign waveguide structures exhibiting zero-index modes [e.g., rectangular metallic waveguides at cutoff (33, 44) , and/or transmission lines loaded with lumped elements (46) ], to be integrated into those systems and observe the predicted effects. As for scaling the system to higher frequency regimes, there is a variety continuous media that exhibit ENZ properties at infrared frequencies. The moderate losses of these materials [e.g., « ≈ i0.03 for silicon carbide at λ ∼ 10.33 μm (47, 48), and « ≈ i0.1 ∼ i0.2 for aluminum-doped zinc oxide at telecom wavelengths (49, 50) ] might enable the observation of vacuum fluctuations being weakened, but they are most probably to too high to observe strong coupling with bound eigenmodes. A low-loss alternative at optical frequencies could be all-dielectric, and thus low-loss, specially designed photonics crystals (31, 32) and/or metamaterials (29, 30) , exhibiting propagation and scattering features similar to those of zero-index media. However, the nonnegligible size of the dielectric particles constituting these structures result in spatial dispersion, and additional design efforts would be required to circumvent this effect and couple the emitter to the desired mode.
Conclusions
Our theoretical study demonstrates that ZI structures enable the inhibition and manipulation of vacuum fluctuations and their associated effects. We believe that this result presents an important step forward in our understanding of the interaction of macroscopic bodies with quantum fields, and ZI structures are suggested as an alternative platform to investigate light-matter interactions. We expect that unique phenomena might emerge from distinctive features of ZI structures, such as the possibility of dynamically deforming the platform without introducing a shift in the eigenfrequencies of bound eigenmodes. The possibility of designing different synthetic implementations that emulate the response of ZI media facilitates the future experimental validation and further exploration of these concepts.
Methods
All numerical simulations were carried out with the commercially available full-wave electromagnetic simulator software COMSOL Multiphysics, version 5.0 (https://www.comsol.com/). The spectral density of vacuum (electric field) fluctuations Sðr, ωÞ and the spectral density gðωÞ in Figs. 1B and 4C, and Fig.  S2 were computed by evaluating the Green dyadic function with the frequency domain solver. The eigenfrequency values, quality factors, and eigenmodes depicted in Fig. 4B and Fig. S4 were computed with the eigenfrequency solver. The solver was requested to search for eigenfrequencies around ω 0 , and it reported complex eigenfrequency values ω′ = ω res + iα, with an associated field distribution. Subsequently, ω res was identified as the eigenfrequency value, and the quality factor was computed as Q = ω res =ð2jαjÞ. The spectral density gðωÞ depicted in Figs. 2B and 3B, and Fig. S1 was computed from the analytical solution to the problem provided in SI Methods, Spectral Density Within EMNZ and ENZ Spherical Shells. The time evolution of the probability of occupation of the excited state P e ðtÞ in Figs. 2C and 3C , and Fig. S3 was computed by fitting the spectral density to a series of Lorentzians and applying the inverse Laplace transform to the memory kernel.
